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Seymour has shown that a matroid has a triad, that is, a 3-element set which is the inter- 
section of a circuit and a cocircuit, if and only if it is non-binary. In this paper we determine precisely 
when a matroid M has a quad, a 4-element set which is the intersection of a circuit and a cocircuit. 
We also show that this will occur if M has a circuit and a cocircuit meeting in more than four elements. 
In addition, we prove that if a 3-connected matroid has a quad, then every pair of elements is in a 
quad. The corresponding result for triads was proved by Seymour. 

1. Introduction 

Sever'a[ matroid results are concerned with the possible cardinal;t ies of the 
intersections of  circuits and cocircuits. For  example, it is well-known that  a circuit and 
a cocircuit in a matroid cannot  have exactly one common element, while a matroid 
is binary if and only if every set which is the intersection of a circuit and a cocircuit 
has even cardinality.  The latter result was sharpened by Seymour [6] who showed that 
a matroid is binary precisely when it does no t  have a triad, that is, a 3-element set 
which is the intersection of a circuit and a cocircuit. More recently, Seymottr [8] 
extended this result for 3-connected matroids by proving that if such a matroid M 
is non-b ina ry ,  then evmw pair of elements is contained in a lriad and hence is part of  
the ground set of  a/_/,,,~ minor  of M. 

In this paper we hwestigate further those sets which are the intersection of  a 
circuit and a cocircuit. In particular, we concentrate  on such sets having four  elements, 
callin~ these sets quads. In Section 2 we determine when an arbitrary matroid has a 
quad.  showing that this occurs for a 3-connected matroid if and only if both its rank 
and its corank exceed two. The main result of  the section shows that iL for some 
k>=5. the matroid M has a k-element set which is the intersection of a circuit and  a 
cocircuit,  then M has a quad. In Section 3 we explicitly determine which matroids 
have no quads. Fhlally, in Section 4, we prove that  in a 3-connected matroid contain-  
ing a quad,  every pair of  elements is in a quad. 

The matroid terminology used here will in general follow Welsh [10]. The 
ground set, rank and corank of the matroid M will be denoted by E ( M ) ,  rkM and 
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corkM respectively. I f  TC= E(M),  then rkT  denotes the rank of  7". The deletion and 
contraction of T from M will be denoted by M ~ T  and M / ' T  respectively. Flats of  M 
of  ranks one and two will be called points and lirws. The whirl of  rank r [10. pp. 80--81] 
and the t|niform matroid of rank k on an n-element set will be denoted by 7/~ and 
( J k ,  iI " 

For n ~ l ,  the matroid M is n-connected [9, p. 1303] provided that. for :ill 
positive integers k <n,  there is no subset T o r E ( M )  such that ITI--k,  IE(M)\,,TI-_-k 
and rk T+ r k ( E ( M ) \ T ) - r k M  = k -  1. Thus a inatroid is 2-connected precisely' when 
it is connected [10, p. 69]. Moreover, 

(I. I) M is n-eo#meeted(/'and o,(r i / 'M* is n-connected. I 

We shall assume familiarity with the operations of  series and parallel connec- 
tion of matroids, these operations having been discussed in dmail in [3]. For matroids 
Mz and M 2 such that E(M~)~E(M2)= {p}, we shall denote the parallel connection 
of Mx and M., with respect to the basepoJnt p as P((M~,p), (M~0p)) or just 
P(M~, Me). The following fundamental link between 3-connection and parallel 
connection was proved by Seymour [7, (2.5)]. 

(i.2) Theorem. A connected matroid M is ,rot 3-connected i f  and only iJ there 
are matroids M t and M z each hat~hTg at /east tD.ree elements slteh t/tog 
M = P((Mt. p), (M=,, p ) ) \ p  where p is not a loop or a eoloop o / M ,  or M.,. | 

When M decomposes as in this theorem, we call M the 2-sum of M~ and .41:.. 
It is routine to check, using the properties of  parallel connection, that 

(1.3) The 2-sum of  M 1 and M._, is' connected (/" and only i f  both M~ arm M.e arc con- 
nected. | 

I f  {x, y} is a circuit of the matroid M, we say that x and r are in paralh'/ in M. 
if, instead, {x, y} is a cocircuit, then x and y are in series. A paralh, I class ot" M is a 
maximal subset A of E(M)  such that i fa  and b are distinct elements of  A, then a and b 
are in parallel. Series classes are defined analogously. A series or parallel class is 
non-trivial if it contains at least two elements. The matroid M" is a series extension 
of M if M ' = M / T  and every element of  Tis  in series with some element of M not in 
T. Parallel extensions are defined analogously. We call M" a series-parallel e.vtensio#~ 
of M if M" can be obtained from M by a sequence of operations each of which is 
either a series or parallel extension. A series-parallel extension of the two-element 
matroid U~.z is called a series-paralM network. A thorough investigation of the pro- 
perties of such matroids can be found in Brylawski's paper [3]. 

2. Intersections of circuits and cocircuits 

The main result of this section is that if a matroid M has a set with more than 
four elements which is the intersection of a circuit and a cocircuit, then M has a set 
with exactly four elements which is the intersection of a circuit alld a cocircuit, in 
addition, an included minor characterization for when a 3-connected matroid has a 
quad is proved. The first three results are preliminaries generalizing results of" Sey- 
mour [8, (2.4), (2.5)]. The elementary proof  of the first of  these is omitted. 
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(2.1) Lemma. Let  M '  be a minor oJ" M and suppose that the set X is the intersection 
o f  a circuit and a cocircuit in M ' .  Then X is the intersection o f  a circuit and a cocircuit 
in 34. | 

(2.2) Proposition. Let M be a matroid containil N a k-eh, ment set X which is' the hirer- 
section o f  a circuit C and a coch'cuit C*. Then M has a minor N in which X is both a 
circuit and a cocircuit and such that r k N = k  1 =corkN.  

Proof. By contracting the elements of  C " \ C *  and deleting the elements of C ~'",,C, we 
obtain a minor N '  of  M in which X is both a circuit and a cocircuit. I f  E(~N')\\A ~ 
contains a circuit of  N' ,  then we delete an element e from this circuit. The set X re- 
mains a circuit in N ' \ , c  and, moreover, as E ( N ' ) ' ~ ( X L j e )  is a hyperplane of N ' \ , e ,  
the set X is also a cocircuit of N ' \ e .  By repeating this operation of deleting ~ingle 
elements from circuits of  N '  contained in E ( N ' ) \ X ,  we eventually obtain a matroid 
N" in which X is both a circuit and a cocircuit and E ( N " ) \ A "  is independent. 

Now, if E ( N " ) ~ X  contains a cocircuit of  N", then we contract a ~ingle 
elenlent f f r o m  this cocircuit. In N " / ~ ;  the set X is still both a circuit and a cocircuit 
and its complement is still independent. By repeating this operation of  contracting 
single elements from cocircuits of  N" contained in E ( N " ) ~ X ,  we eventually obtain 
the required minor N of M hi which X is both a circuit and a cocircuit and E(N)"\ ,¥  
is independent in both N and N*. | 

Euclidean represelltations for the 6-element matroids, P6- Q, and R~;, appearing 
in the next result are given in Figure I. 

(2.3) Corollary. The .vet X is a quad in the matroM M ( /  and onh, i f  M has a minor 
isonlorphic to one oJ' tbe matroids" Ua, G, ,//.a M(Kz), P~, Q6 or RG in which ,V is a 
qua(L 

Proof. If X i s  a quad in a minor of M, then by kemma 2.1. X is a quad in M. Now 
suppose that Xis a quad in M. Then, by Proposition 2.2, M has a minor N in which X 
is both a circuit and a cocircuit and such that r k N = c o r k N = 3 .  It is now routine to 
check that N inu~t be one of the 6 matroid'; Ua,~, l/a, M(KO,  Pc,, Q(~ or R~. | 

/ . 

F&,. I 

(2.4) Corollary. A binary matroid has a quad i [amt  only r f  it has M ( K~) us a mimJr. 

Proof. This follows immediately from the preceding corollary upon noting that none 
of the matroids ¢/,-a U~:.6, P~, Qe, or R, is binary. I 



190 J, G. OXLEY 

If  a matroid M contains a k-element set X which is the intersection o f  a circuit 
and a cocircuit, then clearly X is the intersection o f  a circuit and a cocircuit in M* 
Thu,,, for all k, the se t -~  o f  minor-minilnal matroids containing such a k-element set 
is clo.~ed under duality. Moreover,  by [8, (2.5)] and Corol lary 2.3, when k - 3  or 4, 
all the members of.Sk are self-dual. To see that this does not hold in general, consider 
the rank-four matroid shown in Figure 2. This matroid has {1, 2, 4, 6, 7} as both 
a circuit and a cocircuit and hence is in .~?',. However, it is not  self-dual because it has 
two 3-element circuits but only one 3-elcment cocircuit. 

J 

7o 
6o 8e  

S / r  
" 

/ 
/ 

¢ 
3 

Fig. 2 

If M and N are matroids with z l I ' , 4 '=N,  then M is an extension of  .,\:: if 
instead. M / e = N ,  then M is a I(/t of N. 

(2.5) Theorem. Let M be a 3-comwcted Jnatroid. TheJl the Jbllowing arc (,quiralewt. 

(i) Both the rank and corank q /  M e.\ceed two, 
(i i) 3/1 has a minor i.somoq~hic to eric o f  U:~. r,. Y! "~, M (K_l). P~; or Q~. 

(iii) 31 has a qua& 

Proof. Assume that  34 has rank and corank exceeding two. Then. by (I .I) ,  M + is 
3-connected, hence by [5, Theorem 4. I] there is a sequence o f  3-connected matroids 
ending with M* and beginning with the cycle matroid of  a wheel, a ~hirl el" Ua.r, such 
that each matroid in the sequence is a lift or an extension o f  its predecessor. Hence 
there is a similar sequence ending with M and beginning with the cycle matroid o f  at 
wheel, a whirl or U,,,5. in the first two cases, M has M ( K  4) or "'/¢:~ as a minor. In the 
third case, M has as a minor a 3-connected lift of  a line having at least five points. 
It is straightforward to check that  this lift has one o f  Pc;, @6 or L:':;.~; as a minor. We 
conclude that (i) implies (ii). It is routine to check that each of  U:,,,~, '//a. M(K4), P ,  
and Q, has a quad. Hence (ii) implies (iii). Finally, since (iii) clearly implies (i), the 
theorem isproved.  II 

In terms o f  circuit-cocircuit intersections, Seymour 's  characterization o f  non- 
binary matroids in terms of  the existence of  a triad [6, p. 360] states that a matroid 
having a circuit and a cocircuit meeting in an odd number  of  elements has a circuit and 
a cocircuit meeting in exactly three elements. The next two results ha~e the same form 
as this, the first being rather elementary. 

(2.6) Proposition. Suppose thaf M has a k-element set X which is the Intersection e l  a 
circttit and a cocircuit where k - -  3. Then,.for some t fll {[k/2], [k/2] + ! . . . . .  k - 1 }. M 
ha,v a t-element set which Ls" the intersection e r a  circuit and a cocircuit. 
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Proof. By Proposition 2.2, M has a minor N having 2 k - 2  elements and rank k 1 
in which Xis both a circuit and a cocircuit. Take a (k - 3)-element subset l / o f  E(N) ~ \ X  
aJld consider the hyperplanes //1, H., . . . .  , H,, of  N containing Y and meeting X. 
Since X spans N, m ~ 2  and so, for some i, [H~f~XI~[k/2]. Thus the cocircuit 
complementary to H~ meets X in a t-element set Z where 

tE {[k/2l, [k/21+ l, ..., k - 11. 

By Lemma 2.1, Z is the intersection of  a circuit and a cocircuit in 11./. I 

The next theorem is the main result of  this section. 

(2.7) Theorem. Let M be a matroid containing a k-element set X which is the inler- 
section o f  a circuit and a cocircuit fbr  some k ~4. Then M has a quad. 

Proof. We argue by induction on IE(M)I. Since k ~ 4 ,  M has rank and corank at 
least three. Therefore, if M is 3-connected, the result follows by Theorem 2.5. Fur- 
thermore, by the induction assumption we may assume that both M and M ~ are 
simple. We now suppose that M is not 3-connected. Then, by Theorem 12. M 
= P(Mt,  M 2 ) \ p  for some matroids M~ and M.,, each of which has fewer elements 
than M, Since X is the intersection of a circuit and a cocircuit of  M, there are two 
possibilities: either one of Mx and M2 has a k-set which is the intersection of a circuit 
and a cocircuit; or, for i =  I, 2, M~ has a.i;-element set X~ such that Xi=C~ ) C [  
where C~ and C[ are, respectively, a circuit and a cocircuit of  M~ containing p. In the 
first case, since both Aft and Me are minors of  M [7, (2.6)], the result follows on com- 
bining the induction assumption with Lemma 2.1. In the second case, ./t +./'.,-2 =k .  
Now, as the result holds trivially for k =4 ,  we may assume k ~ 5, and so ./~ + j . , -  7. 
Therefore, one ofj~ and,/',z exceeds 3, and so, by the induction assumption, M~ or Me 
has a quad. It follows by [7, (2.6)] and Lemma 2.1 that M has a quad. I 

3. The matroids without quads 

It is clear that a disconnected matroid has a quad if and only if one of its 
components has a quad. Corollary 2.3 gives one characterization of  when a matroid 
has a quad. The next result determines more explicitly precisely wbich connected 
matroids have no quads. 

(3.1) Theorem. Let 114 be a comwcted matroid havil N at h, ast three elements. 1J M has 
~to quads, then M is a series-parallel extension o f  a uniform matroid o f  rank or coraf~k 
t w o .  

Proof. We argue by induction on IE(M)I. If ]E(M)I=3,  then M ~-" U~,:~ or /_,~,:,,, so 
the required result holds. Now assume the result true for IE(M)I<n and let !E(M)I 
=n.  If  34 is binary, then, since M has no quads, Corollary 2.4 implies that M has 
no minor isomorphic to M(K_0. Hence, by [3, Theorem 7.6], M is a series-parallel 
network. Therefore, as {E(M)i~ 3, M is a series-parallel extension of U~.a or U2.:, and 
the required result holds. 

We can now assume that M is non-binary. Furthermore, we may also suppose 
that M has no non-trivial series or parallel classes as otherwise the required result 
follows easily" by the induction assumption. 
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I f  M is 3-connected, then by Theorem 2.5, r k M ~ 2  or corkM: :2 .  But, as 
M is non-binary, it has U2.~ as a minor and therefore has rank and corank at least 
two. It follows that either r k M = 2  or c o r k M = 2  and hence M or M* is uniform of  
ran k two. 

Now suppose that M is not 3-connected. Then, by (1.2) and (1.3), M 
=P(M~,  M 2 ) \ p  for some connected minors M~ and Me of  M, each of which has at 
Yeast three elements. As M is non-binary, at least one of M~ and Me is non-binary. 
Assume that both are non-binary. Then, by [1, Theorem 3.7], M~ has a U~,~ minor 
using p and Me has a U2,4 minor using p. It follows that P ( M , ,  M ~ ) \ p  has R~ as a 
minor. But R 6 contains a quad and so we obtain the contradiction that M has a quad. 

It remains to consider the case when exactly one of  M~ and M,,  say 3/1~, is 
non-binary. Then, as M,, is binary, connected and does not contain a quad, M~ is a 
series-parallel network and hence, by [3, Theorem 7.6], is a series-parallel extension 
ofp .  It follows that M has a non-trivial series or parallel class and this cont.'adiction 
completes theproof.  1 

The next result follows immediately on combining the last theorem with 
Corollary 2.3. 

{3.2) Corollary. Let M be a connected matroid having at least three element.s'. Then 
either 
(i) M has Ua.~,, M(K4), }q.a p~, Q, or R,; as a minor; 

01" 

(ii) M or M" is a seriev-parallet extenxim~ oj  a k-point line fi~r some k--- 3, I 

4. Pairs of elements in quads 

An immediate consequence of results of  Bixby [1] and Seymour [6] is that if a 
connected matroid M has a triad, then every element of  M is in a triad. If, in addition, 
M is 3-connected, then Seymour [8, (3.1)] has shown that every pair of  elements of  
M is in a triad. In this section we prove the analogue of  Seymour's restllt for quads 
and note that the analogue of  Bixby's result does not hold. We shall use the following 
lemma, the straightforward proof  of  which is omitted. 

(4.1) Lemma. I f  M is isomorphic to one o f  the matroids U:,,,G, "it "'a, M(K4), P6 or Q~, 
then erer.:" pair oJ elements o f  M is h7 a quad. | 

(4.2) Theorem. Lel M be a 3-co/mected matroid having rank and corank at least three. 
Then every pair o f  eh, ments o f  M is in a quad. 

Proof. We shall prove by induction on IE(M)[ that evm2¢ pair of  elements of  M is in 
the ground set of some 6-element minor of  M which is isomorphic to one of the matroids 
Ua,6, o#,.a, M(K~), Pc, or Q,. The theorem then follows immediately from the preceding 
lemma. 

As M is 3-connected having rank and corank at least three, IE(M) i>6 and. 
by Theorem 2,5, M has a minor isomorphic to one of  the 5 specified 6-element mat- 
roids. The result therefore follows immediately if  1E(M)]=6. Now suppose that 
IE (M) !>6  and the result is true for all matroids with fewer elements than M, Let 
rkM = 3. I f  M is minimally 3-connected, then by [4, Lemma 4.5], either (i) M is isomor- 
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phic to a whirl or  the cycle matroid o f  a wheel, or  (ii) M / e  is minimally 3-connected for 
some element e o f  M, or (iii) for some elements f ,  x and y o f  M, either M/f" , ,x  or 
M / / f \ \ x ,  y is minimally 3-connected. In the first case, as r k M - 3 ,  we obtain the 
contradict ion that  [E(M) I =6 .  In cases ( i i)and (iii), M / e  and M / f  both have rank 
two. But the only minimally 3-connected matroid of  rank 2 is U.z.a and, since 
]E(M )1 > 6, none o f  M/e,  M / f \ x  or M/~./~x, y can be isomorphic to U% z. We con- 
chide that  M is not  minimally 3-connected and therefore has an element z such that 
M \ z  is 3-connected. By the induction assumption, for all pairs {x~, x2} o f  elements 
o f  E(M\z) ,  M has a ininor o f  the required type using both x~ and x~. Moreover,  as 
M has rank 3, if w6 E(M\z) ,  M has a restriction using w which is isomorphic  to one 
o f  the 5 specified matroids, it is now a routine matter  to check that by adding z to 
any of  these 5 matroids  we must obtain a minor  o f  the required type that  uses both 
z and w. We conclude that  the required result holds if M has rank 3 and, by duality, 
the result also holds if M has corank 3. We shall now assume that  M has rank and 
corank exceeding 3 and show that an arbitrary pair {x, y} o f  elements o f  M is in the 
ground set o f  a minor  isomorphic  to one o f  the 5 specified 6-element matroids. I f  
eG E(M)~{x, y} and M~e or M / e  is 3-connected, then we can apply the induction 
assumption to obtain the required result. Thus we may assume, that  for all e in 
E(M)'\{.v, y}, neither M~e nor  M / e  is 3-connected. If, in addition, none  o f  M \ x ,  
M ~\.v. M/2v or M//y is 3-connected, then every element o f  M is essential [9] so, by 
[9, (8.3)], M is a whirl or  the cycle matroid  o f  a wheel. But, in that case, E(M) has a 
6-element subset X containing both x and y and M has a minor  on X isomorphic to 
either M(K~) or ,,#.-a. Hence the required result holds. Therefore we may assume that 
at least one o f  M \ x ,  M \ y ,  M / x  and M / y  is 3-connected. 

Now, by [2, Theorem 1], for  all elements e o f  M, either M \ e  is a series exten- 
sion o f  a 3-connected matroid,  or  M,/e is a parallel extension o f  a 3-connected matroid. 
We now distinguish four  cases: 

(i) for some element el o f  E(M)\{x ,  y}, the matroid M \ e t  is a series extension of  
a 3-connected matroid N having rank at least 3, and x and y are in different series 
classes o f  M\ea and hence may be assumed to lie in E ( N ) ;  

(ii) for all elements e o f  E(M)\{x ,  3"}, M \ e  is a series extension of  a 3-connected 
matroid and x and y are in series in M \ e ;  

(iii) for some elements f~ and .L o f  E(M)\{x ,  y}, x and 3' are in series in M \ f t  and 
are in parallel in M/f,.  ; 

(iv) for  some element e~, o f  E(M)\{x,  y}, M\e. ,  is a series extension o f  a rank-two 
3-connected matroid N and { x , y } ~  E(N). 

Evidently one o f  (i)--(iv) must  hold for either M or M*. In the latter case, we use M* 
in place o f  M in the argument  that  follows. 

In case (i), since c o r k M > 3 ,  c o r k N ~ 3  and the required result follows on 
applying the induction assumption to N. 

In case (ii), {e, x, y} is a cocircuit o f  M for all e in E(M)\{x ,  )'}. Hence M has 
coran k 2 ; a contradiction.  

In case (iii), {j~, x, y} is a cocircuit and {f.,, x, )'} is a circuit o f  M. Thus, we 
,get the contradict ion that none o f  M \ x ,  M \ y ,  M / x  or M / y  is 3-connected. 

In case (iv), since the only rank-two 3-connected matroids are uniform, 
N-"U~, k for some k_->3. But cork(M\e~)=corkN=corkM-1>=3, so k->5. 
Now,  as r k M ~ 4  and r k N = 2 ,  M\e.,  has at least one non-trivial series class. Choose 
x~ and x,_, in this class taking xx equal to x or): if either x or  v is in the class. Contract  
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all the remaining elements from this series class and then contract all but one element 
from each of the other non-trivial series classes ensurhlg that the elements x and y are 
kept during this process. The resulting contraction of M has rank 3 and has {e2, x,, x2} 
as a cocircuit. Now delete all but 3 elements, a, b and c, from the line which is comple- 
mentary to {e2, x, ,  x2}, again ensuring that x and y are kept. The resulting matroid 
M '  has {e,.. x~, x2} as a cocircuit and {a, b, c} as the corresponding hyperplane. 
Moreover, the closure of  {x~, x2} in M '  does not contain a, b or c as M ' \ e 2 / x ,  is 
isomorphic to a restriction of  the simple matroid N; nor does the closure of  {.¥,. x,,} 
contain e2, otherwise e2 is in the closure in M of  the series class $1 of M\e.~ contain- 
ing {xl,x2}. In that case, rk(S, Ue2)--rkSa and if S2=E(M' \e~) \S I .  then 
rkM=rkS2+lS~]-I  and rkS l=[S , l .  Thus rkS l+rkS~=rkM+l ,  so rk(S,l_'e2) 
+ r k S 2 = r k M +  I and this is a contradiction to the tact that M is 3-connected. We 
conclude that M '  is isomorphic to one of P~ and Q~ and, as x and y are included among 
the elements of  M' ,  the required result follows. | 

The next result follows immediately on combining Theorems 2.5 and 4.2. 

(4.3) Corollary. Let M be a 3-comwctedmatroid containing a quad. Then eee~3'pair of  
elements of  M is in a qua& | 

Seymour [8. p.392] gives an explicit characterization of when two elements in 
an arbitrary connected matroid M are contained in the ground set of  a U2,~ minor 
of  M, or equivalently, are contained in a triad of M. The corresponding result holds 
for when two elements in an arbitrary connected matroid lie in a quad hut we shall 
not give the details. 

To see that Corollary 4.3 need not hold if M is not 3-connectcd. let M be the 
matroid shown in Figure 3. This matroid is connected and has {1, 2.3, 4} as a quad. 
yet it has no 4-element circuit containing the element e and hence certainly does not 
have a quad containing e. 

We also note here that one cannot replace "pair"  in Theorem 4.2 by "triple" 
since, for example, any three spokes in a wheel or a whirl do not all lie in a common 
circuit and hence do not all lie in a quad. 

By Corollary 4.3 and Seymour's corresponding result for triads [8, (3.1)], 
when k = 3  or 4, i f a  3-connected matroid M has a k-element subset which is the inter- 
section of  a circuit and a cocircuit, then every pair of  elements of M is in such a k-set. 
To see that this does not hold for all k, consider the matroid M shown in Figure 4. 
It  is easy to check that M is 3-connected. Moreover, {2, 4, 6, 7, 8} is both a circuit 
and a cocircuit of M. However, no 5-element subset of  M which is the intersection o f  
a circuit and a cocircuit contains the element 5. 

7 
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